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Abstract 

We consider a stochastic volatility model with jumps where the underlying asset price is 
driven by a process sum of a 2-dimensional Brownian motion and 2-dimensional compensated 
Poisson process. The market is incomplete, there is an infinity of Equivalent Martingale Mea- 
sures (E.M.M) and an infinity of hedging strategies. We characterize the set of E.M.M, and 
we hedge by minimizing the variance using Malliavin calculus. 
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1 Introduction 

Stochastic volatility models were introduced in the financial literature to take in account the smile 
effect. Most of works on these models assumes -for simplification- the continuity of the asset 
price trajectories (driven by Brownian motion). But an asset price can jump at any moment and 
randomly. We are interested here by discontinuous dynamic for the asset price with discontinuous 
stochastic volatility. 

Formally, let the underlying asset price is given by 

-p. = ^i t dt + a{t,Y t )[a { ^ dW^ 1] +a < t 3) dM^ 1) }, t€[0,T], S = x > 0, 

Of 

with 

2 

dY t = tfdt + Y,°t\afdW t (i) +4 i+2) dM(% Y =yeR. 
i=l 

W = (W^\ W^ 2 ') is a 2-dimensional Brownian motion, M = (M^\ M^>) is a 2-dimensional com- 
pensated Poisson process with independent components and deterministic intensity ds, J* X^ds) 
and for 1 < i < 4, oW : [0, T] — ► K is a deterministic function. 

The most serious problem in a stochastic volatility model is the incompleteness. These models 
involve the existence of an infinity of equivalent martingale measures (EMM) i.e a probability 
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equivalent to the historical one under which the actualized prices are martingales. First we seek a 
characterization for an EMM. We show that a probability Q equivalent to the historical probability 
P is specified by its Radon-Nikodym density w.r.t P 

PT = n cx P(7 tfP<W®-\J^ {^ ] ?ds\ exp U ln(l + /^+ 2 ))dM« 



r 



A? 



o 



ln(l + /^ +2 ))-/^ +2 > 



ds , 



where (j3t)te[o,T\ is a E 4 -valued predictable process such that j3^\ (3^ > — 1. If Q is a P— EMM, 
and (3^ are related by 



IH ~ n + $ l) aP*(t, Y t ) + X^P^ai 3) a(t, Y t ) = 0, 



see Proposition ^. II 



The process — rffi r ' — ,0,0,0 ) is an example of R 4 - valued predictable process satisfying the 
above equation, and it defines a P-E.M.M. This means that the set of F-EMM is not empty. 
Moreover, since 

(3^ an d /J(4) doesn't appear in the last equation so they can be choosing arbitrarily 
and thus there exists an infinity of P— EMM. 

Mean-variance hedging 

In complete market, we have a unique hedging strategy. This is not the case for incomplete market. 
We have an infinity of hedging strategies. We hedge using the mean-variance hedging approach 
initiated by Follmer and Sondermann (1986), and we find the strategy by applying Malliavin 
calculus. 

Consider an option with payoff /(St) where (<St)te[o,T] is the asset price and with maturity T. 
We work with a P-E.M.M Q. Let C*)te[o,T] b e a self-hedging strategy and (Vt)te[o,T] be the 
portfolio value process. We get using the chaotic calculus, that the strategy minimizing the variance 



E Q 



(/(St) ~ V T ) 2 , is given by 

_ a^E[Dt W f{S T ) I Ft] + A t (1) (l + ffi)^ E[D» W f(S T ) \ T t \ 
1 (( a i 1) )a + Ai 1) (l + A (3) )(ai 3) )V* Tp *^(*.l r t)5 t 

where = — J* fl^ds, and the operators D 1 ^' 1 ' and D N(1) are respectively the Malliavin 
derivative in the direction of the one dimensional Brownian motion W^ 1 and the Malliavin operator 
in the direction of the Poisson process 

The paper is organized as follows : In Section 2, we present some necessary formulas. In the 
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third section we introduce the model. The fourth one is devoted to the hedging by minimizing 
the variance via Malliavin calculus. In the last section, we characterize the E.M.M minimizing the 
entropy, this allows us to establish explicit formulae for the strategy. 

2 Preliminary 

Let W = (W {1 \ W^) be a 2-dimensional Brownian motion and N = (N^\N^) denotes a 2- 
dimensional Poisson process with independent components and deterministic intensity (J * X^ds, J* X^ds). 
We work in a filtered probability space (fi, .T 7 , (Tt)t£[o,T], P), where (.Ft)te[o,T] is the naturel filtra- 
tion generated by W and N. We denote by M = (M^>,M^ 2 >) the associated compensated Poisson 
process i.e for i = 1,2 and t £ [0, T) we have dM^ — dN^ — X^dt. Both (J 7 t)te[Q ,t] -martingales 
W and M are independent. 

Definition 2.1 Let T be the set of all T t -predictable processes (jt)te[a.T] with values in M 4 , such 
that 



1=1 



\^fds 



i^fxids 



<oo, te[o,T]. 



We denote by £{X) t , for a semi-martingale X with X = 0, the unique solution of the stochastic 
differential equation 

Z t = l+ f Z s -dX s . 
Jo 

£{X) t is called the Doleans-Dadc exponential. We have (Theorem 36 of Protter (1990)) 



E{X) t = cxp (x t - ]-[X u X t A JJ(1 + AX S ) cxp(-AX s ). 

^ ' 8<t 



(2.1) 



Remark 2.1 Notice that for 7 <G T such that 7^, 7^ > —1 we have for i = 1, 2 
£( 7 W W W) t = ex P Q t 7«^W-i^(7«) 2 d S ' 

f( 7 (*+2) M W) t = exp ln(l+ 7 ( l + 2 ))dMW 

+ /"a« [ln(l + 7 r 2) )-7i l+2) 
The next lemma is the martingale representation theorem (Jacod (1979)). 

Lemma 2.1 Let Z = (Z t ) t e[a.T] be a T t -martingale. There exists a predictable process 7 £ T such 
that 

dZ t = f2^ ) dW t {i) +j2^ +2) dM^, t £ [0,T]. 



ds . 



i=l 



i=l 
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The Ito formula is given by the following lemma (see Protter (1990)). 

Lemma 2.2 Let R = (R 1 , . . . , R n ) be a n- dimensional adapted process, and 7 = (7 1 , . . . , 7™) such 
that 

l k = ( 7 (M) )7 (k,2) >7 (M) )7 (M)) G T, 1 < k < n. 
We consider the process X = (X 1 , . . . , X n ) where for k G {1, . . . , n}, X k is given by 

dX? = R\dt + J2li k ' i) dW^ +Y.l?' l+2) dM^\ X* G R. 
»=1 »=1 

For any function f G C 1,2 ([0,T] x R), we have 



f(t,X t ) = f(0,X o )+ f 

Jo 



^(s,X s -) + (R s ,Vf(s,X s )) 



fc,i=l i=l 



n 2 



fe=l i=l 



E E A ^ (/(*> - • • • - x *- + ^' l+2) > • • • > *r- )) - /(*> ) 

k=i <=i - 70 ° 

E E r (^1- .■■■>*.*- + 7i fe ' <+2) , • • • , X?- )) - f(s, X„- ))dM« . 
fc=i i=i Jo 



3 The model 

Let us consider a market with two assets: a risky asset to which is related a European call option 
and a riskless one. The maturity is T and the strike is K. The price of the riskless asset is given by 

dA t = r t A t dt, te[0,T\, A = l, 

where r t is deterministic and denotes the interest rate. The price of the risky asset has a stochastic 
volatility and is given by 

^1 = ^dt + o-{t,Y t )[a ( t ] 'dW t (1) + af' 'dM t (1) ], t £ [0,T], S = x > 0, (3.1) 
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dY t = ^dt + J2^rK } dWi l) +a\ l+2) rfM t W ], t€[0,T\, Y = y 
where for 1 < i < 4, aW : [0, T] — > R is a deterministic function. We assume that 
a(t,.)^0, and 1 + cr(t, .)4 3) > 0, ie[0,T]. 



G 



We have 

St = zexp (J aWa(s,Y s )dWW + - af)\^a{s,Y s ) - ±(a^) 2 a 2 (s,Y s ))ds^ 

k=N t 

>< n (i+^d,^,^,)), 
fc=i k 

< t < T, where )fc>i denotes the jump times of (JVj ; )te[o,Tl- 
3.1 Change of probability 

Let Q be a P-equivalent probability; by the Radon-Nikodym theorem there exists a .Fr-measurable 
random variable, px '■= fp, such that Q(A) — Ep[pt1a], A 6 V(Q). Notice that pp is strictly 
positive P-a.s, since Q is equivalent to P, and Ep[pp] = Ep[ppln] = 1. Consider now the P- 
martingale p = [pt)te[o,T] defined by 

~dQ 



p t := E P [p T | F t ] = E P 



dP 



Definition 3.1 Let H be the set of all P—EMM i.e Q £ TL if and only if Q ~ P and the actualized 
prices are Q -martingales. 

The next proposition gives the Radon-Nikodym density w.r.t P of a P-EMM. 

Proposition 3.1 Let Q 6 7i. There exists a predictable process (A)te[o,T] taking values in R such 
that (3^\ f3^ > — 1 and the Radon-Nikodym density of Q w.r.t P is given by 

2 

p T = \{S{f3^W {i) )T£{l3 {t+2) M^)T 

i=l 

2 / r T i i-T \ f r T 

ln(l + f3 l i +2) )dM^ 



fjexp^ $)dWP-\j^ W?ds\ exp U 



T [ln(l + /3('+ 2 ') - /?( 4+2 >] dsj . (3.2) 

Moreover (3^ and (3^ are related by 

Pt-r t + f3^ ] af ] a{t, Y t ) + \^ (3f ] a? ] o{t, Y t ) = 0. (3.3) 

Proof. We follow Bellamy (1999) for the case of discontinuous market with deterministic volatil- 
ity. By the martingale representation theorem (Lemma I2.1|l there exists a predictable process 
(7t)te[0,T] € r such that 

d Pt = £ 7 <<W t w + ]T 7t (l+2 W/ t « t e [o,T]. 

i=l i=l 
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We have P(pt > 0, t G [0, T]) = 1; assuming (3 := ^, we obtain 



Pt . 

(E3 follows from In addition (e" /o rads 5 t )te[o,T] 

is a Q-martingale, which is equivalent to 
say that (e~f» rsds StPt)te[o,T] is a P-martingale. The integration by parts formula (Protter (1990)) 
gives 

d(e~ /«? ^S^) = Pt d(e- fS r ° ds S t ) + e" /o ^ ds S t dp t + d[e~ '° ^ ds S t , p t ], 

with 

= (/j^^V^yt) + A«/3 t (3) 4 3 V(t,y t )) dt + /f M 3 V(i,y t )dM t (1) . 

Therefore, we have 

d(e-ti r > ds S tP t) = p t S t e-ti r ° ds ^-rt+^a^ait^ + X^P^afa^Y^dt 
+ (pP + a(t, Y t )a^)dW^ + ti 2) dW t {2) 
+ (*(t, Y t )a[ 3) + /3 t (3) (1 + a(t, Y t )a[ 3) )) dM t (1) + & (4) dM t (2) " . 

Thus Q is a F-EMM if 

p t -r t + 0P4%(t, Y t ) + ^0^4%(t, Y t ) = 0. 

□ 

One can notice that there is no restriction on j3^ and p( 4 \ which means that if H ^ thus Ti 
contains an infinity of P-EMM. 

3.2 Girsanov theorem 

Let T n be the set of processes j3 € T satisfying i|3.3|) . The Radon-Nikodym derivative pr associated 
to 13 and given by define a P-EMM. From now on, a P-EMM Q in H will be denoted by Q 
where /? S T n . 

Let (3 € T n and consider the two processes W = (W {1 \ W^) and M = (MW,M< 2 )) where for 
i = 1,2 



# t W = W t (l) 



ft ft 

l P^ds, te[0,T], and M t (i) = M t (i) - / A^+^ds, ie[0,P]. 



G 



By Girsanov theorem (Jacod (1979)) W is a Q^-Brownian motion and M is a Q^-compensated 
Poisson process. The dynamic of (5t)te[o,T] under Q@ is 

—1 =r t dt + <j(t,Y t )la { t 1) dW t (1) +a ( t 3) dM^ 1) }, te[0,T], S = x > 0, 
St 



and (lt)te[o,r] is given by 
dY t : 



+ ^af ) [a«^ ) +af +2) dM t W ], t G [0, T] F = 2/ G 



4 Hedging by minimizing the variance 

In this section we are interested by finding an optimal strategy for our model described in Section^ 
We compute the strategy by minimizing the variance. This is on applying Malliavin calculus. 
From now on, we work with the P-EMM minimizing the entropy Q. The price of a European 
option with payoff /(St) is e~$t rsds /(ST) \ J~t , t G [0, T\. Our aim is to determine the 
■T-j-adapted strategy (Ct, fjt)te[o,T] that minimizes 



E Q 



(/(St)-Vt) 2 , (4.1) 



where £ t , f] t and Vt denote respectively the number of units invested in riskless and risky asset and 
the value of the portfolio. We have for t G [0, T] Vt = Ct-^t +%St- Since the strategy is assumed to 
be self- financing, so dV t = (tdA t + f] t dSt and 

dV t = r t V t dt + a^Y^St^ dW^ ] +a| 3) dM t (1) ], t G [0,T]. 

Therefore 

V T = V el° r ° ds + I e^^a^Y^fitStia^dW^ +a[ 3) dM^}. (4.2) 



T 
JO 

4.1 Chaotic calculus 

The chaotic calculus allows to obtain the strategy that minimizes the variance, that is by using the 
Clark-Ocone formula. 

Let us denote by X , the 4-dimensional martingale coming from the 2-dimensional Brownian motion 
and compensated Poisson process introduced in section 2, i.e 

(IfUf UfU t (4) ) = (W^M\M?\M?\ t G [0,21. 
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This martingale has the Chaotic Representation Property (CRP). The CRP for X states that any 
square-integrable functional J-r-measurable, can be expanded into a series of multiple stochastic 
integrals -w.r.t X t - of deterministic functions. Using this expansion, we define the Malliavin oper- 
ator, by acting on the multiple stochastic integrals. The Clark-Ocone formula is then deduced by 
technical ways, allowing to make appear the Malliavin operator in the expansion, and to write this 
last one as a simple stochastic integral w.r.t X. 

We define the multiple stochastic integral and introduce the Malliavin operator and the Clark-Ocone 
formula in the multidimensional Brownian-Poisson case (more precisely in the 4-dimensional case, 
the following definitions and formulas can be extended for the d— dimensional case, d > 4). For 
more details we refer to L0kka (1999), Nualart (1995), Nualart and Vives(1990), 0ksendal (1996) 
and Privault (1997 a,b). Let (ei, e2, e^, e^) be the canonical base of M 4 . For g n E L 2 ([0,T] n ) we 
define the n-th iterated stochastic integral of the function f n e% x ® ■ ■ - ®&i n , with 1 < ii, . ■ ■ ,i n < 4, 

by 

In{g n e ll ® . . . ® e ln ) : = n\ [ [ ...[ g n (h, . . . , t^dX^ . . . dX^ ] . 

Jo Jo Jo 

The iterated stochastic integral of a symmetric function /„ = (/„ 1, '"' in ^)i<i 1 i„<4 € 

L 2 ([0,T],IR 4 )® n , where /(**'•••'*») G L 2 ([0,T]«), is 

4 

= ni e c r ■■■ r ft- in \tu---,tn)dx^\..dxt\ 

For F G L 2 (f2), there exists a unique sequence (/ n )rteN of deterministic symmetric functions /„ = 
(/£ l,, "' < " ) )i 1 ,...,i ne {W> e L 2 ([0,T],M 4 )°» such that 

OO 

F =£/„(/„). (4.3) 

n=0 

Definition 4.1 Let I € {1, . . . , 4}, we define the operator : Dom (£>W) C L 2 (n) -> L 2 (n, [0, T]) 
does correspond for F S Dom (D^) (F having the representation \4-^\) )- the process (D^ F)te[0,T] 
given by 

oo n 4 

^-EE E ^=0 

n=l h—1 ii,...,t n — 1 

In-i{f^ 1 '"" ln Ht 1 , ■ ■ .,t/-i, • ■ ■ ,*n)e»i ® ••• <& e ih _ 1 <g> e ih+1 . . . <g> e in ) 
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^n/ n _i (/£(*,*)), dQxdt- a.e. 



71=1 

/n = {fn 1 '"'' ln ~ 1 ' l) e il <S> ■ ■ • <S> e in _ 1 )i<j lv .. iin _ 1 < 4 . 
The domain of Z)W is 

!oo 4 
^ = E E Wi <1, - ,iB) eii®---®e in )eL 2 (n): 
n=0 ii,...,i n =l 

4 oo ] 

2 E^ ! ll^ 1 ""' l " ) lliw]»)<^ • 

ii,...,i n = l n=0 J 

We will now give the probabilistic interpretations of in the Brownian motion and Poisson 
process cases. These interpretations will allow us to compute the requested strategy. 

The Brownian operator For 1 < I < 2, the operator is, in fact, the Malliavin derivative in 
the direction of the one dimensional Brownian motion W^ l K So, we have for 1 < I < 2 and 
F = f(w tl ,...,W tn ) G L 2 {n) where (ti,...,t„) G [0,T] n and /(a: 11 , a; 21 , . . . , x ln , x 2n ) G 
C fc °°(R 2 ") 



D * l)F = Epf(^ ^)w*)- 



fc=l 9a; ' fe 

To calculate the Mallaivin derivative for Ito integral, we will use the following proposition 
(see corollary 5.13 of 0ksendal (1996). 

Proposition 4.1 Let (u t )te[a.T] be a Tt — adapted process, such that u t G Dom [D">), we 
have 

f u s dW^= [ T (D[ l) u s )dW^+u t , 
Jo Jt 

The Poisson operator For 3 < Z < 4, is the Malliavin operator^ in the direction of the 
Poisson process N<- l - 2 \ For F G Dom (£>W) 

D (0 Ff Ji) a, f F^.^.^+W^-F^ 1 ) W W), i = 3, 

A ( ^(D.wW.^.^ + i^.j-F^) W W), 1 = 1. 

The Clark-Ocone formula is given by the next proposition. 

Proposition 4.2 Consider a square-integrable functional F , Tt -measurable, such that F G P|f=i Dom (D^). 
F /ms the following predictable representation 

F = £?[i^+V/ £;[D t (0 F | F t ]dVF t (0 +V / E[D? m F \ T t ]dM^ . 
1=1 Jo i=i Jo 



^Notice that, unlike the Brownian case, the Malliavin operator in the Poisson space does not a derivative. 
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Now we apply the Clark-Ocone formula to determine the strategy minimizing the variance for our 
model considered in the Section [21 



Proposition 4.3 The strategy minimizing \4-l\j of the model of Section^ is given by 



E[Df'f{S T ) | H + A t (lj (l + $?> K'EiD" "f(Sr) I H 



( 3 )^„( 3 )i?^nJV (1 ' 



(4.4) 



((ai 1) )2 + A| 1) (l + /3 t (3) )(af ) ) 2 ) e A T '^ s ( T(t,r t )^ 
Proof. First we approach the function x i— > f{x){— (x — K) + or = (K — by polynomials 

on compact intervals and proceed as in 0ksendal (1996)pp. 5-13. By dominated convergence, 

(/(S T ) € fir=i Dom (D {1) ). Applying the Clark-Ocone formula to f(S T ) and using 1)4. 2f) we obtain 



T 



E[Df {1> f(S T ) | F t ] - e^^o-^Y^fitSta^ ) dW ( t 



Eq[D^' f(S T )\T t ]dW t 



(2) 



E Q [Df 2) f{S T ) \T t ]dMt 



(2) 



(EqID? <2, /(St) I - e^^ d V(t,y t )77 t S t af ) dM x (f) 



h 2 (f) t )dt 



where 



h 2 (x) = {E 6 [DY {, f(S T )\T t ]f + X^(l+f3^)(E[Df >f(S T )\f t }f 



4 1} 



^[^r /(St) I Ft] - r ° ds a{t,Y t )xS t a 
+Ai 1) (l + /3 t (3) ) (EqID?™ f(Sr) I -e^ r ' d V(i,y t )^ t o 



It is easily verified that h 2 is convex, hence the minimum is the solution of h 2 (x) = 0. Therefore 
the strategy minimizing the variance is given by Q4.4[l . □ 



5 Explicit formulae, Equivalent Martingale Measure mini- 
mizing the entropy 



0, 0, ) belongs to T H and it defines a P-EMM, soH^9. Thus H contains 



The process 

an infinity of P-EMM. We choose the one that minimizes the relative entropy. Let Q° € 7i. 
Denoting by I{Q@ , P) the relative entropy of Q 13 w.r.t P, we have 



I(QP,P) = E P 



dQP dQ$ 

m 

dP dP 
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Our aim is to minimize I(P, Q 13 ) under TC. We have 

I(P 1 QP) = E Q , 

Therefore the problem is to find a which satisfy 

I(P,QP) = min -E P 
/3er« 



dP , dP 
m 



dQP dQP 



In 



dQl 3 



dP 



(5.1) 



Lemma 5.1 The minimization problem \5.1)) is equivalent to the minimization of 

( Mt - n + X^a^^ait, Y t )f - 2a 2 (t, F t )(a t (1) ) 2 A« [ln(l + /3 t (3) ) - 0^ 



under all = ^£l±^M!^^ 
Proo/. Let eH. By 

= _Ep 
— _Ep 



,o,/? (3) ,/3 (4) ) er*. 



in 



dQl 3 
dP 



T 2 



£i(/? t (i) ) 2 -A« ln(l + /3f +2 ))- / 3 t (l+2) 



/o 2a 2 (*,F t )K (1) ) 2 
where /3 S and G is the function defined by 



G(0 t ) = 2a 2 (t,F i )(a«) 2 + i(/f>) 2 - A« [ln(l + ) - /?f 



(2) 



in(i + /3 t (4) )-A (4) ]), *e[o,r] 



For a fixed i, we have by (|3.3J) . 



= (M t -r t + Ai 1) ap ) ( r(t,r t )^ (3) ) 2 + ^(t,^)(^ 1) ) 2 ((A 



(2)N2 



-2A 



(i) 



ln(l + 0, 



2A 



(2) 



ln(l + 



te [0,T]. 



Now the lemma is deduced from the fact that 0^ appears only in the term er 2 (i, Yt){a\ LS ) 2 (0)* 1 ) 

(2) 

which is always positive : so 0\ must be equal to zero. 
The following proposition gives the solution to the minimization l5~Tl 



□ 
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Proposition 5.1 Consider (/3 t (1) , /? t (2) , fif\ /3 t (4) ) te [o,T] 6 wrai/i 

f r t - Mt -A^ 1) n p ) <T(t,y t )^ 3) (1) , n 

A (2) =A (4) = o, a (1) = 7 7 ' 

[0 i/ a«=0, 

ana Zei j3\ > be the unique solution of the equation 

A t (1) ( r(t,r t )(a t (3) ) 2 a ; + K (1) ) 2 a(i,^)( T ^) - a?\r t - » t ) = Q. (5.2) 
Then, the P-EMM Q defined by its Radon- Nikodym density 

2 

Yl £ (/3 W W w ) T £0 (l+2) ) t , 

i=l 

«s i/ie P-EMM minimizing I(P, Q^)- 

Proof. By Lemma 15. II we have to minimize the function F :] — 1, oc[x] — 1, oo[ — > M defined by 
F(x, y) = fa -r t + A^af Y t )x) 2 - 2<r 2 (t, Y t ){a^f (a« [ln(l + or) - x] + \f ] [ln(l + y) - y]) 
for fixed i in [0, T]. Let x be the solution of l|5.2(l . it is unique since the function 

X — 2(a«) V(*, r^ 3 ') 2 - + 2( < 4 1 >) a A t { V(t, y t )^- + 2AfV(t, y t )4 3) Oh - n), 

1 + x 

is strictly increasing from ] — 1, oo[ to R. Let F x and i 7 ^ denote the first order partial derivatives of 
F. One can check that (x, 0) is the only point which satisfy F x (x, y) — F y {x, y) — 0. Moreover we 
have 

(Fx y (x , 0)) 2 - F^ (x, Q)F' y2 (x, 0) < and F^ (x, 0) > 0. 

Therefore F has a strict local minimum at (x, 0). This minimum is global since the limits of -F on 
borders go to infinity. □ 

To obtain explicit formulas for the strategy computed in Proposition 14.31 we will separate the 
two cases : Brownian motion and Poisson process. In the two following subsections we compute 
explicitly the strategy for a European call option in the Brownian motion and the Poisson process 
cases respectively. The payoff of the option is then given by /(St) = (St — K) + , where K denotes 
the Strike. 

5.1 Brownian case 

Assume that = a| 2 ^ = 1 and aj 3 ^ = aj 4 ^ = 0, so {St)o<t<T depends on Brownian information 
only. Under Q, (St)o<t<T is given by 



St = x exp 
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with 

In the following proposition We compute the Malliavin derivative of the payoff (St — K) + . We can 
replace the result in the formula (|4.4|) . and obtain an explicit formula for the strategy. 

Proposition 5.2 We have 

Df {1) {S T -K)+ = 1 {ST>K} S T (a(t,Y t ) + £ ^-(s,Y s )D? W Y t dWW 

dy 

where 



<j( Sl Y s )^( S ,Y s )Dr>Y s ds) (5.3) 



D ^Y s = ^c^^-J\w^^du^ se[t,T\. (5.4) 
Proof. By the chain role of 1 and thanks to Proposition 14 . 1 1 we obtain 

Df {1 \s T ~K)+ = 

hs T>K} S T (l>r* jf (r. - ds + D?" [ *(s, Y.)WA 

= 1 {St >k } St (- £ Df {1) ^f^ds + £ Of" Y s )dWP + o-(t, Y t )j , 
which gives l|5.3|l . Concerning the other derivative, we have for < t < s < T 



Jt o- 2 {u,Y u ) 



So for t fixed in [0, T], the Malliavin derivative of Y s for s G [t, T] : (D^ ( ) K s ) s e[t l T]i satisfies a 
stochastic differential equation, its solution is precisely (|5.4() . □ 

5.2 The Poisson case 

Similarly, like in the Brownian case, we aim to compute the quantity Df l( ' (St — K) + and replace 
the result in the expression of the strategy, to obtain an explicit formula for the Poisson case. Let 
us suppose that we work in the Poisson space with a 2-dimensional Poisson process. The underlying 
asset price (St)o<t<T depends on Poisson process only. Hence we assume that aj 3 -* = a!f^ = 1 and 
Oj = a}p = 0. Under Q, the dynamic of (St)o<t<T is given by 
ft / \ rt 



S t = x exp 



P' + ^-^Hl + aW))] ds + I Hl + a(s,Y s ))dMW\ 
cr(s,Y s ) J Jo J 
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for t G [0, T]. The process (3"t)te[o,T] under Q, have the representation 



Proposition 5.3 



Df {1 \s T -K) + 



-(S T -K)++ exp 



Ms 



r s - Ms 



T -ln(l + ( r( S ,K 5 + ( T t (1) )) 



<7(s,y s +a t (1) ) 



ds 



+ £ ln(l + <j(s, Y s + a\ l) ))dM^ | x S t (l + a(t, Y t + <7 t (1) )) - K^j 
Proof. Using the probabilistic interpretation of Df 1 ^ ' given below, we obtain 



A M<1> {St - K)+ = (S t (lu + l [t . T] ) - K)+ - (S t (lu) - K ) + . 



But 



and 



S T (u + l[ t ,T]) = a;cxp ^ 



Ms + ■ 



r s - Ms 



er(s,y(w + l[t )T ])) 
+ jf ln(l + (7(5, r a (w + l^JJJdAfj 1 )) 



ln(l + a(s,F s (a; + l [tiT] ))) 



x exp 



T r 



r a - Ms 



er(s,y s (w + l[ t ,T])) 



ln(l + <7(s,F s (w + l [tiT] ))) 



+ ^ lnCl + al^y^ + l^])))^ 1 ^ x(l + CT(t,y t (w + l [t ,r|))), 



y t (c + i [tjT] ) = y t + CTt (1) , te[o,T], 

'y, if se[o,t[ 

i) 



y s (w + i [tjT] ) 



y + a t (1) if ae[t,T\. 



The proof is established. 



□ 
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'Stochastic Volatility' — 
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Figure 1: A sample trajectory of the volatility a(t, Y t ). 
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Figure 2: A sample trajectory of the price St- 
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